A new aperiodic tile set containing only 13 tiles over 5 colors is presented. Its construction is based on a technique recently developed by J. Kari. The tilings simulate behavior of sequential machines that multiply real numbers in balanced representations by real constants.
Introduction
Wang tiles are unit square tiles with colored edges. A tile set is a nite set of Wang tiles. We consider tilings of the in nite Euclidean plane using arbitrarily many copies of the tiles in the given tile set. The tiles are placed on the integer lattice points of the plane with their edges oriented horizontally and vertically. The tiles may not be rotated. A tiling is valid if everywhere the contiguous edges have the same color.
Let T be a nite tile set, and f : ZZ 2 ! T a tiling. Tiling f is periodic with period (a; b) 2 ZZ 2 ? f(0; 0)g i f(x; y) = f(x + a; y + b) for every (x; y) 2 Z Z 2 . If there exists a periodic valid tiling with tiles of T, then there exists a doubly periodic valid tiling, i.e. a tiling f such that, for some a; b > 0, f(x; y) = f(x + a; y) = f(x; y + b) for all (x; y) 2 ZZ 2 . A tile set T is called aperiodic i (i) there exists a valid tiling, and (ii) there does not exist any periodic valid tiling.
R. Berger in his well known proof of the undecidability of the tiling problem 2] refuted Wang's conjecture that no aperiodic set exists, and constructed the rst aperiodic set containing 20426 tiles, he shortly reduced it to 104 tiles. Between 1966 and 1978 progressively smaller aperiodic sets were found by Knuth, L auchli, Robinson, Penerose and nally a set of 16 tiles by R. Ammann. An excellent discussion of these and related results is in chapters 10 and 11 of 3]. There was no further progress until recently, when J. Kari developed a completely new method of constructing aperiodic sets. His method also provides short and elegant correctness arguments, that is proofs that the constructed set admits a tiling but admits no periodic one. He used his method to construct an aperiodic set consisting of 14 tiles over 6 colors. We will use his method with an additional small trick to improve this to 13 tiles over 5 colors. 
Balanced representation of numbers
For an arbitrary real number r we denote by brc the integer part of r, i.e. the largest integer that is not greater than r, and by frg the fractional part r ? brc. In proving that our tile set can be used to tile the plane we use Beatty The bi-in nite sequence B( ) i will be called the balanced representation of . The balanced representations consist of at most two di erent numbers: If k k+1 then B( ) is a sequence of k's and (k+1)'s. Moreover, the averages over nite subsequences approach as the lengths of the subsequences increase. In fact, the averages are as close to as they can be: The di erence between l and the sum of any l consecutive elements of B( ) is always smaller than one.
For example, B(1:5) = : : :; 121212 : : :, B( 1 3 ) = : : :001001 : : :, and B( 8 3 ) = : : :233233 : : : . Now, we introduce sequential machines which de ne mappings on bi-in nite strings. We will use them to implement multiplication of numbers in balanced representation and later show that they are isomorphic to set of tiles.
A sequential machine is a 4-tuple M = (K; ; ; ) where K is the set of states, is the input alphabet, is the output alphabet, and K K is the transition set. Sequential machine M can be represented by a labeled directed graph with nodes K and an edge from node q to node p labeled a; b for each transition (q; a; b; p) in . Our intention is to iterate sequential machines M 3 and M1 2 without allowing M1 2 to be used more than twice in a row. To assure this, we modify M1 2 by introducing new input/output symbol 0 0 and changing its diagram to M 0 1 2 as shown in Fig. 2(b) . We also change the state 0 to 0 0 to make the sets of states of M 3 
Sequential machines and tile sets
There is a one-to-one correspondence between tile sets and sequential machines which translates the properties of tile sets to properties of computations of sequential machines. A nite tile set T over set of colors C EW on east-west edges and set of colors C NS on north-south edges is represented by sequential machine M = (C EW ; C NS ; C NS ; ) where (s; a; b; t) 2 i there is a tile in T whose left, top, bottom and right edges are colored s; a; b and t, respectively, as shown in Fig. 3 . Obviously, bi-in nite sequences x and y are in the relation (M) i there exists a row of tiles, with matching vertical edges, whose upper edges form sequence x and lower edges sequence y. So there is a one-to-one correspondence between valid tilings of the plane, and bi-in nite iterations of the sequential machine on bi-in nite sequences.
Clearly, the two conditions for T being aperiodic can be translated to conditions on computations of M. Clearly, set T is aperiodic if (i) there exists a bi-in nite computation of M, and (ii) there is no bi-in nite word w over C NS such that (w; w) 2 (M) ] + , where + denotes the transitive closure of .
There are a few other techniques that can be used to design small sequential machines computing simple functions on integers in balanced representation. If sequential machine M computes f(x), we can modify it to compute f(x)+n for arbitrary integer n by simply replacing outputs m; m + 1 by outputs m + n; m + n + 1, respectively. Another modi cation is to interchange the outputs m and m + 1. That will change f(x) to 2m + 1 ? f(x). Both these modi cations are \free" they do not increase the size of the machine. We tried to use this in building an even smaller aperiodic set but without success. We say that the tile in Fig. 3 multiplies by q if aq + s = b + t. In other words, the tile multiplies the number on its upper edge by q, adds the "carry" from the left edge, and splits the result between the lower edge and the "carry" to the right. Let us denote by T 3 and by T1 2 the tile sets representing the sequential machines M 3 and M 0 1 2 , respectively. Therefore, T 3 and T1 2 multiply by 3 and by 1=2, respectively. The tile set T = T 3 T1 2 , consisting of 13 tiles, is shown in Fig. 4 . Now, we proceed to prove that T is an aperiodic set of tiles. In any case, the machine M can be applied again using the previous output as input, and this may be repeated arbitrarily many times.
On the other hand, if 2 It is easy to see that the tile set T 1=2 alone cannot tile the plane: Label 0 does not appear on the upper edge of any tile in T 1=2 , so tiles with 0 on the lower edge cannot be used. Similarly, tiles with label 2 are not used because 2 appears only on the upper edges of tiles. Clearly the remaining two tiles do not admit a valid tiling.
We can assume without loss of generality that in row b the tiles are from T 3 . Let n i denote the sum of colors on the upper edges of tiles f(1; i); f(2; i); : : :; f(a; i). Because the tiling is horizontally periodic with period a, the \carries" on the left edge of f(1; i) and the right edge of f(a; i) are equal.
Therefore Since no rotation of given Wang tiles is allowed when coloring the plane, we can obviously replace the colors in one tile set by the max of the number of states and the number of input/output symbol, that is max(5; 4) = 5. One of the aperiodic sets which we obtain is shown in Fig. 5 .
